VW LMi is the tightest known quadruple system with 2+2 hierarchy. It consists of a W UMa-type eclipsing binary (P 12 = 0.47755 days) and another detached non-eclipsing binary (P 34 = 7.93 days) orbiting around a common center of mass in about P 1234 = 355 days. We present new observations of the system extending the time baseline to study long-term perturbations in the system and to improve orbital elements. The multi-dataset modeling of the system (4 radial-velocity curves for the components and the timing data) clearly showed an apsidal motion in the non-eclipsing binary at a rate of 4.6 degrees/yr, but no other perturbations. This is consistent with the nearly co-planarity of the outer, 355-day orbit, and the 7.93-day orbit of the non-eclipsing binary. Extensive N-body simulations enabled us to constrain the mutual inclination of the non-eclipsing binary and the outer orbits to j 34−1234 < 10 degrees.
INTRODUCTION
VW Leo Minoris is a bright (V = 8.06, α2000 = 11 02 51.9, δ2000 = +30 24 54) hierarchical quadruple system composed of F and G spectral-type stars (see Table 1 ). Its photometric variability with a period of 0.477547 days and amplitude of about 0.41 mag was found by the Hipparcos mission (ESA 1997) . It was classified as a W UMa-type eclipsing binary. First ground-based photometric measurements of VW LMi were performed by Dumitrescu (2000) . Later analysis of these light curves (LCs) and determination of system's parameters (Dumitrescu 2003) proved that VW LMi is a contact binary. VW LMi was included in the Fourier analysis of Hipparcos LCs of close eclipsing binaries of Selam (2004) , who confirmed it as a contact binary and found approximate geometrical elements as: fill-out factor f = 0.40, mass ratio q = 0.25 and the inclination angle i = 72.5 • . The resulting parameters are incorrect because of the large and at that time unknown third light. New photometric elements of VW LMi were also obtained by Sánchez-Bajo & Garcıa-Melendo (2007) who re-analysed their older BV observations (Gomez-Forrellad et al. 2003) taking into account the multiplicity of the system. The most recent photometric analysis of Djurašević et al. (2013) , based on new BV Rc observations, indicated a dark spot on the secondary component. Assuming spectroscopic mass ratio the authors found inclination angle i12 = 78.1±0.3 • , fill-out factor 0.504 and passband-dependent third light as l3/(l1 + l2 + l3) = 0.24 (B passband), 0.26 (V passband) and 0.28 (R passband) which indicates that the detached pair is of a later spectral type than the contact binary. They determined the distance to the system as 130±2 pc, which corresponds to π = 7.69±0.12 mas.
Long-term spectroscopy (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) of VW LMi by Pribulla et al. (2006) at the David Dunlap Observatory (DDO) conclusively showed that the contact eclipsing binary (hereafter CEB) with a period of P12 = 0.47755 days is gravitationally bound to a detached non-elisping binary (hereafter DNEB) with a period of P34 = 7.93 days. The binaries revolve in a tight mutual outer orbit with P1234 = 355 days. Later, Pribulla et al. (2008) determined the masses of all four components by simultaneous modelling of 4 radial-velocity (RV) curves and timing variability of the CEB caused by the light-time effect (LiTE) in the outer mu- Table 1 . Overview of identifications and basic parameters of VW LMi. RV is the radial velocity of the system's barycentre. The last column gives the reference: (1) -Gaia Collaboration et al. (2018) , (2) - Pribulla et al. (2008) , (3) -van Leeuwen (2007) , (4) -Hog et al. (2000) , (5) - Skrutskie et al. (2006) , (6) - Pribulla et al. (2006) . The (B − V ) color index is given in the Tycho passbands, which are close to the Johnson B and V . tual orbit. No further spectroscopic observations have been published. Although the system is rather bright, and the expected maximum separation of the binaries is about 10 mas, it has not been resolved interferometrically yet. Although no astrometric acceleration of VW LMi was detected by the Hipparcos, the re-analysis of the Hipparcos and the Gaia data by Brandt (2018) clearly shows astrometric acceleration especially in the declination. While the Gaia proper motion is µ δ = −6.08 ± 0.24 mas/yr, the position difference of VW LMi as observed by Hipparcos and Gaia results in µ δ = −4.753 ± 0.024 mas/yr, i.e., 1.3 mas/yr difference significant at more than 5σ level.
VW
In this paper we present and analyze new photometric and spectroscopic observations. Our goals are: (i) to perform simultaneous modelling of available minima times of the CEB and RVs of all four components, (ii) to determine absolute parameters of all four components, (iii) to perform numerical integration of the system in order to study its long-term orbital evolution, (iv) to search for secular perturbations of the inner orbits (those of the subsystem binaries), and to (v) estimate the mutual inclinations of the outer and inner orbits.
PERTURBATIONS OF ORBITS IN MULTIPLE SYSTEMS
Third or multiple bodies orbiting a binary star cause perturbations of its orbit. From the time-scale and amplitude point of view, we can consider the short-period, long-period and secular (or apse-node) perturbations. If P12 is the orbital period of the inner binary and P3 is the period of the outer orbit in a triple system, the periods of the short, the long and the secular perturbations are P12, P3, and P 2 3 /P12, respectively. The resulting element perturbations have amplitudes (P12/P3) 2 , P12/P3, and unity, respectively (see Hilditch 2001) .
The three-body perturbation problem can be also ap-plied to quadruple stellar systems. In the case of a 2+2 hierarchy we can approximate one binary system as a masspoint distant perturber and study its effects on the orbital evolution of the other binary and vice versa. VW LMi is the tightest quadruple system ever discovered with 2+2 hierarchy (Tokovinin 2008) . The ratio of the outer (mutual) orbital period and inner orbital periods is an important parameter indicating the stability and the expected amplitude of perturbations. In the case of VW LMi, the ratio of outer period P1234 and period of the DNEB, P34, is equal to 44.5, which means that the system is stable (see e.g., Tokovinin 2018) . The time scale of secular orbital changes in the orbit of the DNEB, P 2 1234 /P34 ∼ 43 years, is now comparable with the observations span. In addition to the dynamically-excited apsidal motion, the expected perturbations in the system include orbital inclination changes estimated by Vokrouhlický (2016) at ∆i12 = 0.2-0.4 • for the CEB and ∆i34 = 3-4 • for DNEB.
On the other hand, the RV and timing-variability analysis of Pribulla et al. (2008) showed that except the dynamically-induced apsidal motion in the DNEB, no perturbations could be detected in 10 years of observations. The analysis showed that the inclinations of the inner and outer orbits are similar. Together with obvious stability of the orbits this indicates that the system is close to being co-planar so we cannot expect high-amplitude Kozai-Lidov perturbations, which occur if mutual inclination of the inner and outer orbits is larger than 39.2 • (see Kozai 1962; Kiseleva et al. 1998; Kim et al. 2014) .
NEW OBSERVATIONS OF VW LMI
Ground-based observations of VW LMi are possible from mid latitudes of the Northern hemisphere from early November till late May. Relatively short observing season combined with 355-days outer orbital period means that full coverage of the outer orbit with ground-based observations requires about 15-18 years. Moreover, almost one-year outer period is expected to mimic parallactic motion and to complicate determination of the distance. 1
Spectroscopic observations
The spectroscopic observations were obtained from November 2016 till January 2020. Only spectra with the signal-tonoise ratio (SNR) higher than 20 in the yellow-green range were used.
Medium and high-dispersion spectroscopy of VW LMi was obtained with three spectrographs. The observations at Stará Lesná (SL) Observatory were performed at the G1 pavilion with a 60cm, f/12.5 Zeiss Cassegrain telescope equipped with a fiber-fedéchelle spectrograph eShel (Thizy & Cochard 2011; Pribulla et al. 2015) . The spectrograph has a 4150-7600Å (24échelle orders) spectral range and a maximum resolving power of about R = 11,000. The ThAr calibration unit provides about 100 m s −1 RV system stability. An Atik 460EX CCD camera, which has a 2749×2199 array chip, 4.54 µm square pixels, read-out noise of 5.1 e − and gain 0.26e − /ADU, was used as the detector. The observations were also performed with a 1.3m, f/8.36 Nasmyth-Cassegrain telescope equipped with a fiber-fedéchelle spectrograph at the Skalnaté Pleso (SP) Observatory. Its layout follows the MUSICOS design (Baudrand & Bohm 1992) . The spectra were recorded by an Andor iKon-L DZ936N-BV CCD camera with a 2048×2048 array, 13.5µm square pixels, 2.9e − read-out noise and gain close to unity. The spectral range of the instrument is 4250-7375Å (56échelle orders) with the maximum resolution of R = 38,000. Additional spectra were obtained at Thüringer Landessternwarte Tautenburg (TLS) with the Alfred Jensch 2m telescope and coudéćhelle spectrograph. These spectra cover 4510-7610Å in 51 orders. A 2 arcsec slit was used for all observations giving R = 31,500. Because of the short orbital period of the contact pair the exposure times were limited to 900 seconds to prevent orbital-motion smearing of spectral lines.
The raw spectroscopic data were reduced using IRAF package tasks, Linux shell scripts and FORTRAN programs as described in Pribulla et al. (2015) . In the first step, master dark frames were produced. In the second step, the photometric calibration of the frames was done using dark and flat-field frames. Bad pixels were cleaned using a badpixel mask, cosmic hits were removed using the program of Pych (2004) . Order positions were defined by fitting 6th order Chebyshev polynomials to tungsten-lamp and blue LED spectra. In the following step, scattered light was modeled and subtracted. Aperture spectra were then extracted for both object and ThAr lamp and then the resulting 2D spectra were dispersion solved. Finally, 2D spectra were combined to 1D spectra.
Photometric observations
The photometric observations were obtained from November 2017 till April 2019. A typical point-to-point scatter of the photometry was 0.01 mag.
The data were obtained at the G1 pavilion of the SL Observatory with a 18cm f/10 auxiliary Maksutov-Cassegrain telescope attached to the Zeiss 60cm Cassegrain used to obtain theéchelle spectroscopy. An SBIG ST10 XME CCD camera (2184×1472 array, 6.8µm square pixels, 11e − readout noise and gain of 2.30e − /ADU) and the Johnson-Cousins BV RI filter set was used. The observations were typically taken in two filters during a given night. The field of view (FoV) of the CCD camera is 28.5×18.9'. The CCD frames were photometrically reduced under the IRAF environment. First, master dark and master flat-field frames were produced, then bad pixels were cleaned and the frames were photometrically calibrated. Prior to aperture photometry all frames were astrometrically solved to define the pixel-to-WCS 2 transformation. Ensemble aperture photometry was performed with respect to 7 stars close to VW LMi (see Fig. 1 ).
2 World Coordinate System 
ANALYSIS OF THE SPECTRA
The analysis of the new spectroscopy of VW LMi was focused on the determination of RVs of its components. No attempt to disentangle spectra was made.
The RVs were determined using the broadeningfunction (hereafter BF) technique developed by Rucinski (1992) . The BFs have been extracted from the 4900-5510 A spectral range (free of hydrogen Balmer lines and telluric lines). The velocity step in the extracted BFs was set according to the spectral resolution. For eShel at G1 the step of ∆RV = 5.8 km s −1 was used, for the MUSICOS at SP and Coudééchelle at TLS it was ∆RV = 3 km s −1 . The BF technique is particularly appropriate for VW LMi because the spectral type of all four components is close. The BFs for eShel and MUSICOS spectra were extracted using HD128167 (F4V, RV = +0.2 km s −1 ) as the template while for the TLS data HD22879 (G0V, RV = +114.2 km s −1 ) was used. For spectra taken outside spectroscopic conjunctions BFs contain all four components: two rapidly rotating components of the CEB and two slowly rotating components of the DNEB.
Assuming synchronous rotation, aligned rotational axes (i⋆ = i34) and R3 = R4 = 1R⊙ (corresponding to the estimated G2V spectral type) we get v sin i⋆ = 6.2 km s −1 for either of the components. The width of the observed profiles is consistent with the instrumental profile of the MUSICOS. Thus v sin i⋆ < 8 km s −1 , which supports the synchronous rotations.
The light ratio of the fourth and third component defined by the Gaussian profile areas is L4/L3 = 0.894 ± 0.004. The relative light contribution of the DNEB is (L3 + L4)/(L1 + L2) = 0.484 ± 0.008 determined from the BFs obtained within ±0.05 in phase from the CEB maxima. The light-ratio estimates do not take into account possible differences of the spectral types and their effect on the metallic lines strength (see Rucinski et al. 2013) .
The extracted BFs were first fitted by a multicomponent Gaussian-function model, which was appropriate to define the RVS of the DNEB components. In the next step, the DNEB's Gaussian models have been subtracted from the original BFs. The resulting cleaned BFs were mod- eled by a limb-darkened rotational profiles more appropriate for rapid rotators (see Fig. 2 ). The center positions of the rotational profiles defined RVs of the CEB components. One of the drawbacks of the BF formalism is that the extracted BFs must be smoothed. The sigma of the smoothing Gaussian kernel should correspond to the spectral resolution but often more smoothing is required. Thus fits to the extracted and smoothed BFs do not provide reliable RV error estimates. To estimate the measurement errors and to arrive at useful errors of the spectroscopic elements, we first set errors as 1/SNR of the spectrum. The errors were then scaled so the orbital solution for a given component resulted in reduced χ 2 = 1.
In the case of the TLS spectroscopy only two spectra provided RVs of the contact pair while all 8 spectra enabled us to measure RVs of the DNEB components. Although the TLS data are of higher SNR than the MUSICOS spectra, they were not used in the orbital solution of the system.
The precision of the RV measurements is determined by the resolution of the spectrograph, the SNR, the observed spectral range, the density of spectral lines, and the projected rotational velocity of the observed object (v sin i⋆). Because of the higher spectral resolution while similar SNR, the RVs derived from MUSICOS at SP are expected to be of higher precision. All the new RVs are given in Tables A1,  A2 , and A3. 
ANALYSIS OF THE PHOTOMETRY
The photometry of VW LMi was focused on (i) obtaining timing information, and (ii) search for secular changes of the inclination angle of the CEB orbit. The timing information was obtained by the same technique as in Pribulla et al. (2008) fitting a passband-specific template LC to individual nightly LCs. The resulting minima times are always related to the preceding primary even if the secondary minimum was observed. In total, our photometry resulted in 29 new timings (see Table A4 ).
To investigate the possible precession of the CEB orbit, we modelled multi-colour observations from different epochs. The LC modelling was performed using the code Roche (Pribulla 2004) . Focusing on the inclination angle of the CEB, i12, and trying to avoid parameter correlations, we adopted the parameters from the solution of by the significant differences in the temperature of the secondary component resulting from variations in the relative depth of the minima. The surface inhomogeneities are well visible in the systematic residuals from the fits (Fig. 3 ).
In the view of the expected inclination-angle variations of about 0.2-0.4 • (Vokrouhlický, 2016, private communication) , the surface activity effects dominate and prevent us from detecting the real inclination-angle changes.
VW LMi (TIC ID 166647000) will be observed by the TESS (Ricker et al. 2014 ) in sector 22 from February 19 to March 17, 2020 with a 2 minute cadence 3 . While the observing run is probably too short to disclose the perturbations of the CEB, the observations will enable to improve geometric elements and shed more light on the surface activity of the CEB. It is possible that a modulation of the CEB LC by rotation of the components of the DNEB will also be detected.
DETERMINATION OF THE ORBITAL PARAMETERS
From the set of RVs, orbital parameters of the quadruple system were determined via least-square fit of the RV equation to observational data. To obtain more precise values of the orbital parameters (see Table 2 ), we fitted the observed times of photometric minima together with the observed RVs. In the case of 2+2 hierarchy of VW LMi the RVs 3 see https://tess.mit.edu/observations/sector-22/ of the components can be expressed as (see Pribulla et al. 2008) :
where l=1,2 in the first equation (CEB) and l=3,4 in the second equation (DNEB). The CEB's elements are denoted with index "12", while the DNEB's elements are denoted with index "34". The elements of the mutual orbit of the quadruple system are denoted with index "1234". The semi-amplitudes of the RV changes are component-specific and denoted in a different way: K l are semi-amplitudes of individual components in the inner orbits, K12 and K34 are semi-amplitudes of the RV changes of the mass centers of the binaries. V0 is the systemic velocity of the whole quadruple system.
The observed minima times of the CEB were modelled using the equation:
here T12 is the time of the primary minimum at zero epoch (E = 0), P12 the period, Q the coefficient of the quadratic ephemeris, E the epoch and ∆T12 is the delay caused by the LiTE:
Orbital parameters were determined via simultaneous fit of all RV datasets and minima times through optimization of the merit function (χ 2 ) via least-squares method of multi-dimensional function minimization by Nelder & Mead (1965) . We took into account the apsidal motion effects in the detached pair with dω/dt = const. The resulting orbital period is now anomalistic, i.e. from periastron to periastron. No other perturbations of orbits were assumed in the modelling. Continuous period increase visible in the timing data of the CEB was used in the RV data modelling. The times of the RV observations were corrected for the LiTE in the outer orbit as in Pribulla et al. (2008) .
Spectra from SL and SP have significantly different quality. Thus, we decided to fit the data from these observatories separately. For both separate fits the same photometric minima times were used to better define the outer 355-days orbit. In the case of the minima timings, all available literature and new data since HJD 2 455 168 (December 2009) till HJD 2 458 599 (April 2019) were used. All minima used in the modelling are listed in Table A3 .
While the RV scatter for the contact-binary star is similar for eShel and MUSICOS, for the DNEB the higher spectral resolution of MUSICOS makes the profiles of its components narrower resulting in a higher RV precision. The data uncertainties are not affected by the RV stability of the instruments which is about 100 m s −1 .
The complete set of the new orbital parameters of VW LMi is presented in Table 2 and the corresponding best fits are shown in Figures 4 and 5. The 1998-2008 data presented in Pribulla et al. (2008) were re-analysed the same way as the new observations. In this case, the minima timings from December 1997 till May 2008 were used.
New spectroscopy was obtained with smaller telescopes (60cm and 1.3m) than the data analysed in the paper of Pribulla et al. (2008) , which were obtained with the 1.88m telescope at the DDO. The most problematic are RV measurements of the secondary component of the CEB. Its profile is very poorly defined, especially in the case of the eShel data, which will not be considered in the further analysis.
Minimum masses obtained from the inner and outer orbits indicate that the orbits could be close to being co-planar. From the MUSICOS data analysis we have (m1 + m2) sin 3 i12 = 2.096±0.036 M⊙ (inner orbit), and (m1 + m2) sin 3 i1234 = 1.91±0.10 M⊙ (outer orbit). In the case of the DNEB we have (m3 + m4) sin 3 i34 = 1.7720±0.0023 M⊙ (inner orbit), and (m3 + m4) sin 3 i1234 = 1.61±0.14 M⊙ (outer orbit). From the above results we have sin i12/ sin i1234 = 1.0315±0.0189 (CEB) and sin i34/ sin i1234 = 1.0325±0.0299 (DNEB). To determine the mutual inclination angle we would have to know the difference of the longitudes of the ascending nodes (see Eqn. 6).
If we adopt the inclination angle of the CEB as 78.1±0.3 • (Djurašević et al. 2013), the true mass of the contact pair is 2.237±0.039 M⊙, where the error is dominated by the RV modelling. From K34/K12 = 1.186 ± 0.054, the mass of the the DNEB is then m3 + m4 = 1.89±0.09 M⊙. If the minimum mass of the DNEB is (m3 + m4) sin 3 i34 = 1.7720±0.0023 M⊙ then i34 = 78.2 +5.5 −3.9 degrees. The error of the inclination angle is dominated by the error of K34/K12. Combining true masses of the binaries m1 +m2 +m3 +m4 = 4.13±0.10 M⊙ and the minimum total mass from the outerorbit solution, (m1 + m2 + m3 + m4) sin 3 i1234 = 3.52±0.17 M⊙ we get i1234 = 71.5 +3.3 −2.9 degrees. Unfortunately, the multi-dataset solution does not set a strong constraint on the inclination angle of the DNEB orbit.
The apsidal-motion rate in the detached pair found from the simultaneous modelling corresponds to apsidal-motion cycle of U = 78.6±1.6 years for the MUSICOS data but 91±11 years for the older data (Pribulla et al. 2008) 4 . The new MUSICOS data, however, resulted in a significantly higher precision of the RVs for the third and fourth component.
It is interesting to note, that except the marked apsidal motion most orbital elements of either inner and outer orbit remained constant within their errors during the whole interval of the observations. Most notably, semi-amplitudes of the RV changes of the components of the DNEB K3, K4 and the orbital parameters of the outer orbit.
NUMERICAL MODEL OF THE SYSTEM
To ascertain the perturbations of the orbits of VW LMi and to compare the predictions with observations, the numerical 4 Originally estimated at 80 years in their paper integration of the system was performed. We used an objectoriented gravitational modelling simulator developed by one of the authors (EP) in Python. The simulator is based on the Cowell's method of orbit integration and has a basic fourth-order Runge-Kutta (RK) integrator. We integrated the equation of motion for N gravitationally interacting bodies, where the total acceleration affecting the i-th body is given by:
where G is the gravitational constant, mj and rj is the mass and position vector of the j-th component.
The integrations were performed assuming point mass approximation of the components of either of the binaries neglecting high-order terms of the gravitational potential caused by the tidal deformation, as well as the mass transfer between the components or stellar winds which also affect secular evolution of orbits.
Prior the numerical integration the orbital parameters of VW LMi obtained from 2017-2020 MUSICOS and 2009-2019 timing data were transformed to the Cartesian position and velocity vectors at a given initial epoch using equations of celestial mechanics. These vectors, together with the masses of all four components were used as initial conditions in the numerical integration. The following masses and inclinations of orbits with respect to the plane of the sky were adopted: m1 = 1.563 M⊙, m2 = 0.674 M⊙, m3 = 0.954 M⊙, m4 = 0.936 M⊙, i12 = 78.1 • , i34 = 68.9 • and i1234 = 64.1 • . Besides our simulator, we used C/Python simulator ReboundX (Tamayo et al. 2016) to perform additional long-term numerical integrations in order to study secular orbital changes in the orbit of the DNEB, which are present on timescales of decades. Re-boundX uses a fifteenth-order adaptive step-size RK integrator ias15 (Rein & Spiegel 2014) . We integrated the quadruple system for up to 10 000 outer orbital periods (9700 years).
Although it is probable that all orbits have the same sense of revolution, all possible cases were investigated: for the fixed inclination of the outer orbit there are two possible inclinations of the CEB i12 and 180 • − i12 and two possible inclinations of the DNEB with i34 and 180 • − i34. Therefore, for the fixed i1234 there are 4 different cases.
The amplitude of the perturbations strongly depends on the mutual inclination of the orbits. This can be unambiguously found only when RV measurements are combined with positional observations. In this case we can determine longitude of ascending node, Ω. For two orbits with inclination angles i1, and i2, and corresponding longitudes of ascending nodes, Ω1 and Ω2, the mutual inclination, j1−2 can be determined as (see e.g. Muterspaugh et al. 2006) :
Because the mutual inclination (and perturbations) depend on the difference of the ascending nodes of the orbits, Ω1234 was set rather arbitrarily to zero. To investigate all possibilities, the numerical integrations were done for Ω34 = 0 • up to 180 • with a 30 • step and the same for Ω12 = 0 • up to 180 • with a 30 • step. This was performed for four possible inclinations of the inner binaries.
Cartesian positions and velocities obtained from the each set of integrations were then transformed back to osculation Keplerian elements. The comparison of the resulting time evolution of the osculation elements with the observations implies, that Ω34 ∈ −30 • , +30 • and all orbital planes must be close to being co-planar. In non-coplanar cases the integrations predict large changes of orbital parameters which are not observed.
Evolution of the orbital elements of the DNEB is shown in Figure 6 for the initial value of Ω34 = 0 • .
EVOLUTION OF THE ORBITS
Changes of orbital elements are expected in the orbits of inner binary systems (as they perturb each others orbits) as well as in the outer orbit. Because the outer orbit carries the vast majority of the angular momentum, its perturbations are expected to have small amplitudes and long time scales.
Changes in the DNEB's orbit
The most pronounced orbital perturbation seen in the VW LMi system is the fast apsidal motion of the DNEB orbit. Analysis of the new MUSICOS data (see Table 2) gives the apsidal-motion cycle of U = 78.6±1.6 years. The classical apsidal-motion cycle can be estimated using the equations 4.20 and 4.21 of Hilditch (2001) of Bozkurt & Deǧirmenci (2007) which assume the orbital coplanarity, and component masses obtained from the MU-SICOS data, we get the apsidal-motion cycle of 96.2 years.
Using the higher mass of the contact pair corresponding to older 1998-2008 DDO data we get U = 93.5 years. It is interesting to note, that due to the high mass of the perturber (CEB) and relatively large P34/P1234, the second term in the series for dω/dt still contributes by about 10%. Because the periods are well defined, getting at the observed apsidalmotion rate we would have to increase the contact-binary mass by about 20%. The mutual inclination of the orbits also affects the apsidal-motion rate. The equation 2.7 of Borkovits et al. (2019) shows that if the orbits were mutually inclined by 20 • , the apsidal-motion rate could increase by almost 12%. The apsidal-motion rate found by our numerical integrations is the largest in the prograde case when the ascending-node difference, (Ω34 −Ω1234) = 0 and j34−1234 = 4.8 • . In this case U = 95.5 years. For the retrograde possibility of j34−1234 = 57 • we get U = 117 years.
Other orbital elements of the DNEB in VW LMi seem to be constant when the results from the 1998-2008 and 2017-2020 observations are compared. A very important observational fact is that the semi-amplitudes of the RV changes remained constant within the errors. Comparing the projected semi-major axes from the 1998-2008 and 2017-2020 data allows the maximum inclination angle change of ∆i34 ≤ 0.9 • . The precession period (see Eq. 8 of Pribulla et al. 2008) is about 120 years. The amplitude of the inclination-angle changes depends on the mutual inclination of the outer and inner orbit. Clearly, a more precise RVs of the DNEB are needed. Together with only a marginal increase of the eccentricity, e34, it is clear that (Ω34 − Ω1234) ∼ 0 (see Fig. 6 ) and orbits must be close to co-planar.
Changes in the CEB's orbit
The orbital parameters of the CEB in VW LMi (see Table  2 ) do not show any significant changes between the 1998-2008 DDO and 2017-2020 MUSICOS data. Unfortunately, the spectroscopic elements are negatively influenced by the presence of the DNEB in the BFs decreasing the RV accuracy. Moreover, the profiles of the contact pair are poorly defined in the BFs, which probably causes the apparent change of the semi-amplitudes K1, K2.
A much more sensitive indicator of the inclination-angle changes is the depth of the eclipses (see the case of the Kepler eccentric binaries in Borkovits et al. 2015) . As analysed and discussed in Section 5, the LC shape is influenced by the surface activity (see also Dumitrescu 2003) , which virtually prevents us to detect the inclination-angle changes caused by the gravitational perturbations. The lack of significant perturbations also means that the outer and the contact-binary orbits are close to being coplanar excluding the retrograde possibility with i12 = 180 -78 • .
Our numerical integrations show that the maximum inclination-angle changes are below 1 • during the time range of the observations. The integrations predict a cyclic inclination-angle change with the period of about 2000 years and the amplitude of about ±13 • (depending on the mutual inclination of the inner and outer orbit) caused by the precession of the orbit (Fig. 7) .
Changes in the outer orbit
In the case of the mutual orbit, the timescale of the perturbations is much larger than the time interval of the available observations. The orbital elements obtained from the 1998 -2008 RV data (1998 -2008 modelling are mostly within 1-sigma errors of the elements obtained from the recent 2017-2020 RV data (2009-2019 timings).
Expected secular perturbations
Long-term integrations of VW LMi indicate that we should be able to detect secular changes of parameters (see Fig. 6 ). The inclination-angle amplitudes depend on the mutual angles between the inner and the outer orbit. In the case of the CEB, the apparent inclination angle should vary between 78 • (now) and a minimal value of about 52 • as a result of the CEB orbit precession with about 2000-year cycle. The inclination-angle of the DNEB should change much faster due to the smaller period ratio. The numerical integration predicts a combination of about 100-years cycle and about 2000-years modulation. The time evolution of the apparent inclination angle of the DNEB orbit shows another, about 6000 year cycle. Similar cycles are visible in the longitude of the ascending node of DNEB. The apsidal-motion rate is practically constant due to near co-planarity of the DNEB and outer orbit.
DISTANCE TO THE SYSTEM
VW LMi is composed of main-sequence stars. While the trigonometric parallax might be affected by the photocentric motion, the observed maximum brightness and flux ratios of the system provide a possibility to separately determine brightness of the components and to estimate the distance to the system.
The photometric solution of the BV R photometry of Djurašević et al. (2013) showed that the third light, l3/(l1 + l2 + l3), increases towards red being 0.24, 0.26 and 0.28 in the B, V and R passband, respectively. Using the third light and the TYCHO magnitudes (Table 1) we get the apparent maximum brightness of the contact pair as 8.73 mag in the B, and 8.39 mag in the V passband.
The absolute magnitude of the contact pair can be estimated from the period-colour-magnitude relation of Rucinski & Duerbeck (1997) which for P = 0.47755 days, and (B − V )0 = 0.34 mag (assuming no extinction towards VW LMi) gives MV = 2.57 mag and corresponding distance about 146 pc or parallax π = 6.85 mas. Using a more recent period-magnitude calibration of Mateo & Rucinski (2017) based on the Gaia DR1 TGAS (Tycho-Gaia astrometric) solutions for 297 contact-binary systems with 0.275 < P < 0.575 days (relation #4) gives MV = 3.04 mag with expected uncertainty of about 0.06 mag. Using apparent brightness of the contact pair, V = 8.39 mag, the distance to the system is 117±4 pc, corresponding to the parallax of π = 8.54±0.28 mas.
Light-curve modelling in Section 5 gives even larger distance to VW LMi. Assuming spectroscopic elements obtained form the MUSICOS data (K1 + K2 = 355 km s −1 , the mass ratio q = m2/m1 = 0.4223), and adopting T1 = 6790 K, results in MV = 2.48 mag corresponding to distance of about 152 pc (π = 6.57 mas). Getting at the Gaia DR2 parallax, π = 9.05 mas, the temperature of the contact pair would have to be significantly lower, about 5900 K, which however corresponds to much redder colour than observed.
Both calibrations and the system modelling show that the Gaia parallax is affected by the multiplicity of the system where the orbital motion mimics a larger parallax.
2MASS near-infrared photometry of VW LMi was obtained at HJD2 450 894.8450 at phase 0.953 close to the primary minimum. The observed (J −K) = 0.208(30) mag corresponds to F2V with about one subclass uncertainty (see Cox 2000) excluding much later spectral type required by the Gaia parallax.
A reasonable observed colours and third light can be obtained combining an F0V spectral type CEB with two G2V stars. Using theoretical brightness and colour of mainsequence stars (see Cox 2000, p388) and our model absolute visual magnitude of the CEB, MV = 2.48 mag, gives third light in the V passband l3/(l1 + l2 + l3) = 0.241 consistent with determination of Djurašević et al. (2013) .
CONCLUSIONS
VW LMi is the tightest quadruple stellar system with the 2+2 hierarchy yet discovered. Both of the system's inner binaries act as perturbers on each other, causing secular orbital changes on time scales as short as decades. The analysis of the system is complicated by the surface activity of the CEB and a heavy blending of the component's profiles.
The main results of this study are:
• Determination of new orbital elements of both inner binaries and masses of all four components.
• The inclination of the inner and outer orbits found from the analysis of the spectroscopic and timing data do not exclude their coplanarity.
• Reliable determination of the apsidal-motion period of the DNEB, U = 78.6±1.6 years, and finding that the classical tidal and relativistic contributions are negligible. The observed apsidal-motion rate is more consistent with the prograde orientation of the orbits.
• Finding that semi-amplitudes of the RV changes, K3 and K4, of the DNEB remained constant within the errors for the 1998-2008 DDO and the 2017-2020 MUSICOS data. This means that the inclination angle of the DNEB orbit is practically constant (∆i34 ≤ 0.9 • ) and indicates that the outer 355-days orbit is close to be co-planar to the DNEB orbit.
• Detection of a small but statistically significant increase of eccentricity of the DNEB orbit, e34 (see Table 2 ). The eccentricity of the DNEB's orbit increased by 0.0034(5) between the 1998-2008 DDO data and the 2017-2020 MUSI-COS data. This is consistent with the marginal detection in Table 6 of Pribulla et al. (2008) .
• Finding that the outer orbit is stable within the observation errors indicating an absence of an outer perturber to the quadruple system.
• Comparison of the numerical integrations of the system with observed parameter changes of the system. The observed apsidal-motion rate, and constancy of other parameters during the available range of the observations support close coplanarity of the orbits within about 5 • .
• Finding that perturbations of the contact-binary orbit are smaller than the detection limits. This is primarily caused by difficulties in measuring RVs of the wide profiles of the contact pair and its surface activity which prevents accurate measurement of the minima depth.
• Estimate of the spectral types of the components as F2V for the contact pair and G2V for the components of the non-eclipsing binary.
• Finding that the Gaia DR2 parallax is significantly affected by the photocenter motion. The system is probably much further than the available analysis of the Gaia astrometry (DR2) indicates.
The most intriguing question that remains to be answered is the formation of such a tight system. The existence of the CEB could be a consequence of the Kozai-Lidov cycles in an originally misaligned system. Normally, the transport of the angular momentum to additional component could bring the present contact pair to the regime where tidal friction combined with magnetic braking could further shrink the orbit. The problem is, that the third component (DNEB) remains close to the CEB orbiting it in less than one year.
This tightness of the outer orbit could have been caused by an extra and yet unknown companion of an originally quintuple system, which was expelled during a close encounter event and "stole" most of the angular momentum. If this encounter occurred between one of the binaries it could change the orientation of its angular momentum vector. The observations available now, however, indicate that angular momentum vectors of the inner pairs are within a few degrees from the angular momentum of the outer orbit.
Better characterization of VW LMi calls for long-term monitoring to cover the whole 355-d orbital cycle. Obtaining times of minima with higher accuracy and covering as large part of the yearly observing season is important to better define the total mass of the CEB. Further, high-resolution spectroscopy is necessary to get more insight on the perturbations of the DNEB orbit. The understanding of the system would greatly benefit from visual orbit obtained by means of long-baseline interferometry. Unfortunately, the system is rather faint for Northern facilities such as the CHARA interferometer.
The photocenter motion of VW LMi, mimicking parallactic motion, will complicate the astrometric solution of the Gaia observations. A reliable solution might be possible only towards the end of the mission when the difference between yearly parallactic component and the 355-day orbital motion will accumulate. Table A1 . New radial velocities obtained from spectra taken with eShel spectrograph at the Stará Lesná Observatory. The estimated signal-to-noise ratio (SNR) at 5500Å is given. Table A4 . Minima times used in the simultaneous analysis of the timing variability and radial-velocity observations. Filter "Ir" is clear but IR blocking while "C" is clear or without a filter. The column Ref. gives the reference: (1) 
